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ABSTRACT 

 
 

The performance of an X-bar chart is usually studied under the 

assumption that the process standard deviation is well estimated and 

does not change. This is, of course, not always the case in practice 

and X-bar charts are not robust against errors in estimating the 

process standard deviation or changing standard deviation. In this 

paper, the use of an exponentially weighted moving average (EWMA) 

t chart with variable sampling intervals to monitor the process mean 

is discussed. We have determined the optimal control limits for the 

VSI EWMA t chart so that the chart has the desired robustness 

property against errors in estimating the process standard deviation 

or changing standard deviation. Performance of the proposed chart is 

compared with similar charts using the Markov chain approach and 

simulation studies.. 
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X-bar

Zhang

t-student

I

I

Zhang

(VSI EWMA t chart)

FSI EWMA X-bar

FSI EWMA t

(VSI EWMA t Chart)

 {Xi,1 , Xi,2 , … , Xi,n}n

i = 1 , 2 , …

Xi,j ~ N (μ0+aσ0 , bσ0)  , i = 1 , 2 ,…  , 1 ≤ j ≤ n  

                                                 
1 - Fixed Sampling Interval (FSI) 
2 - Variable Sampling Intervals (VSI) 
3 - Poor Quality 

μ0σ0

a = 0b = 1

μ0(a ≠ 0)σ0

(b ≠ 1)(μ0 , σ0) 

iX) (Si)i

2

,

1

1
( )

1

n

i i j i

j

S X X
n 

 

,

1

1 n

i i j

j

X X
n 

  

(Yi)VSI EWMA t

Y0 = 0 ; 

Yi = λ Ti + (1–λ) Yi-1 ;   i = 1 , 2 , …             

Ti

0

/

i
i

i

X
T

S n


  .                                                              

(0,1]  λ

λ = 0.1λ = 1EWMA t

tt

Yia = 0

VSI EWMA t

(UCLvt = – LCLvt ; UWLvt = – LWLvt)

(UCLt)(FSI & VSI) EWMA t

(λ)

(n)(UWLvt)

(w)

1 ( )(2 2 ) 1
[ ]

2( )

S L

L S

k h h
w

h h

    
 


 .                 

(...)k = 3

3σhL

hS

                                                 
4 - In-control Average Run Length (ARL0) 
5 - Long Sampling Interval (hL) 
6 - Short Sampling Interval (hS) 
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TiTi+1

(Yi)

RL = [LWL , UWL]

(Yi+1)

 

RS = [LCL , LWL) (UWL , UCL]

LucasSaccucci

hS = 0.2

 

                                                 
1 - Average Run Length (ARL) 
2 - Average Time to Signal (ATS) 

ATSFSI = hF × ARLFSI .         

hF

ATSVSI = E(h) × ARLVSI .                                               

E(h)

E(h) = hS × pS + hL × pL .  

pSpL

ARL0

3σARL0 = 1/α = 1/0.0027 = 370.4

ARL0

E0(h)

hS = hL = hF = 1 time unit  →  ATSFSI = ARLFSI .  

E0(h) = 1 time unit . 
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ATS0
VSI = ATS0

FSI = ARL0 . 

a

Castagliola

(λ* , UCLvt
*)

(ATS*)

λ {0.01 , 0.011, 0.012 , … , 0.999}

a = 0UCLvtATS0 = ARL0 = 

370.4(λ , 

UCLvt)

a {0.1 , 0.2 , … , 2}

(λ , UCLvt)ATS

ATSa

ATS*a

BrookEvans

MATLAB

(ATS*)(λ* , UCLvt
*)

(a {0.1 , 0.2 , … , 2}) 
n = { 3 , 5 , 7 , 9 }

hS = 0.2pS =  0.6 

a = 0.5

hS = 0.2pS = 0.6

n = 5

λ* = 0.116 ; UCLvt
* = 1.029 ; ATS* = 6.76 

pSpS = {0.4 , 0.5 , 0.6}

hS = 0.2n = 5

ATS*

ATS

(λ* , UCLvt
*)

(a = 1.5)،

pS

w

ATS*

VSI EWMA thS = 0.2pS = 0.6ATS0 = 370.4

shift 

(a) 

n = 3 n = 5 n = 7 n = 9 

λ
* 

UCLvt
*

 ATS
*

 λ
* 

UCLvt
* 

ATS
*

 λ
* 

UCLvt
* 

ATS
*

 λ
* 

UCLvt
* 

ATS
*

 

0.1 0.010 0.343 132.09 0.013 0.228 64.75 0.017 0.241 47.25 0.022 0.272 38.14 

0.2 0.014 0.440 53.14 0.034 0.446 23.99 0.055 0.532 17.02 0.067 0.568 13.58 

0.3 0.023 0.631 30.31 0.061 0.662 13.37 0.094 0.756 9.47 0.124 0.845 7.60 

0.4 0.032 0.802 20.48 0.092 0.876 9.01 0.136 0.966 6.43 0.177 1.068 5.23 

0.5 0.042 0.979 15.28 0.116 1.029 6.76 0.176 1.151 4.90 0.228 1.267 4.07 

0.6 0.049 1.097 12.14 0.143 1.194 5.44 0.214 1.319 4.02 0.265 1.406 3.41 

0.7 0.057 1.228 10.07 0.170 1.353 4.58 0.248 1.465 3.47 0.311 1.575 3.02 

0.8 0.070 1.434 8.63 0.192 1.480 3.99 0.274 1.575 3.12 0.338 1.673 2.77 

0.9 0.077 1.542 7.56 0.209 1.577 3.59 0.295 1.663 2.88 0.375 1.806 2.62 

1.0 0.087 1.694 6.76 0.226 1.673 3.28 0.320 1.767 2.71 0.406 1.917 2.51 

1.1 0.098 1.857 6.12 0.244 1.774 3.06 0.341 1.854 2.60 0.448 2.067 2.44 

1.2 0.104 1.945 5.62 0.258 1.852 2.89 0.365 1.953 2.52 0.504 2.267 2.39 

1.3 0.114 2.090 5.20 0.269 1.913 2.77 0.392 2.064 2.46 0.560 2.468 2.35 

1.4 0.123 2.219 4.86 0.280 1.974 2.67 0.430 2.220 2.42 0.625 2.703 2.32 

1.5 0.135 2.389 4.56 0.290 2.029 2.60 0.469 2.380 2.38 0.693 2.952 2.29 

1.6 0.142 2.488 4.31 0.290 2.029 2.54 0.515 2.569 2.35 0.738 3.119 2.27 

1.7 0.149 2.585 4.10 0.310 2.139 2.50 0.556 2.738 2.33 0.789 3.311 2.25 

1.8 0.157 2.696 3.91 0.333 2.265 2.46 0.612 2.970 2.31 0.833 3.479 2.24 

1.9 0.170 2.875 3.74 0.346 2.336 2.43 0.653 3.141 2.29 0.873 3.634 2.23 

2.0 0.177 2.971 3.59 0.368 2.456 2.41 0.702 3.347 2.27 0.901 3.744 2.22 
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VSI EWMA thS = 0.2pS = { 0.4 , 0.5 , 0.6}n = 5ATS0 = 370.4

shift 

(a) 

pS = 0.4 , w = 0.84 pS = 0.5 , w = 0.67 pS = 0.6 , w = 0.52 

λ
* 

UCLvt
* 

ATS
*

 λ
* 

UCLvt
* 

ATS
*

 λ
* 

UCLvt
* 

ATS
*

 

0.1 0.010 0.186 66.20 0.012 0.213 65.54 0.013 0.228 64.75 

0.2 0.032 0.424 24.35 0.033 0.434 24.18 0.034 0.446 23.99 

0.3 0.056 0.620 13.41 0.059 0.643 13.35 0.061 0.662 13.37 

0.4 0.083 0.811 8.91 0.087 0.838 8.91 0.092 0.876 9.01 

0.5 0.111 0.993 6.59 0.113 1.005 6.62 0.116 1.029 6.76 

0.6 0.135 1.141 5.21 0.142 1.182 5.27 0.143 1.194 5.44 

0.7 0.167 1.332 4.32 0.171 1.353 4.40 0.170 1.353 4.58 

0.8 0.191 1.472 3.71 0.193 1.480 3.80 0.192 1.480 3.99 

0.9 0.219 1.633 3.26 0.219 1.628 3.36 0.209 1.577 3.59 

1.0 0.239 1.747 2.92 0.235 1.718 3.03 0.226 1.673 3.28 

1.1 0.268 1.911 2.66 0.260 1.858 2.78 0.244 1.774 3.06 

1.2 0.287 2.018 2.45 0.276 1.947 2.59 0.258 1.852 2.89 

1.3 0.303 2.108 2.28 0.287 2.008 2.44 0.269 1.913 2.77 

1.4 0.321 2.209 2.15 0.302 2.091 2.33 0.280 1.974 2.67 

1.5 0.331 2.265 2.05 0.315 2.163 2.24 0.290 2.029 2.60 

1.6 0.341 2.321 1.96 0.323 2.207 2.17 0.290 2.029 2.54 

1.7 0.351 2.377 1.89 0.331 2.251 2.12 0.310 2.139 2.50 

1.8 0.361 2.433 1.84 0.342 2.312 2.08 0.333 2.265 2.46 

1.9 0.371 2.489 1.80 0.363 2.427 2.04 0.346 2.336 2.43 

2.0 0.378 2.528 1.76 0.367 2.449 2.01 0.368 2.456 2.41 

ATS

ps={0.4, 0.5, 0.6} (λ* , UCLvt
*)

(a = 0.2)

ATS

ps = {0.4,0.5,0.6}(λ* , UCLvt
*)

(a = 0.7) 

ATS

ps = {0.4,0.5,0.6}(λ* , UCLvt
*)

(a = 1.5)

 

(VSI EWMA t)

FSI EWMA tFSI EWMA X-bar

FSI EWMA tVSI EWMA t

hS = hL = hF = 1 time unit . 

(Zi)FSI EWMA X-bar
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Z0 = 0 ;  

1(1 )i i iZ X Z        ;   i = 1 , 2 , …  

iXi

LCLX-bar = μ0 – L σ0 . 

UCLX-bar = μ0 + L σ0 . 

/ ( (2 ))L k n  k

μ0 = 0σ0 = 1Lk λn

UCLX-bar

FSI EWMA t

(VSI EWMA t)

FSI EWMA tFSI EWMA X-bar

ATS

n = 5a = [0 , 0.5]b{0.9 , 0.95 , 1 , 1.05 , 1.1}

ATS0 = 370.4

FSI EWMA X-barATS0 = 370.4

shift 

(a) 

n = 3 n = 5 n = 7 n = 9 

λ
* 

L
* 

ATS
*

 λ
* 

L
* 

ATS
*

 λ
* 

L
* 

ATS
*

 λ
* 

L
* 

ATS
*

 

0.1 0.013 0.090 102.01 0.016 0.081 75.23 0.022 0.086 61.28 0.026 0.085 52.01 

0.2 0.026 0.148 43.46 0.041 0.156 30.75 0.059 0.167 24.26 0.064 0.155 20.22 

0.3 0.056 0.247 24.94 0.081 0.242 17.25 0.097 0.229 13.46 0.128 0.240 11.16 

0.4 0.084 0.320 16.48 0.122 0.313 11.28 0.152 0.303 8.75 0.188 0.305 7.24 

0.5 0.119 0.398 11.85 0.164 0.376 8.06 0.216 0.377 6.24 0.223 0.340 5.19 

0.6 0.145 0.450 9.01 0.215 0.445 6.12 0.278 0.442 4.74 0.259 0.376 4.01 

0.7 0.187 0.527 7.14 0.269 0.512 4.84 0.319 0.483 3.76 0.299 0.416 3.25 

0.8 0.220 0.583 5.83 0.322 0.574 3.95 0.365 0.529 3.11 0.346 0.463 2.73 

0.9 0.274 0.669 4.87 0.382 0.641 3.31 0.422 0.586 2.63 0.408 0.525 2.34 

1.0 0.307 0.719 4.15 0.455 0.720 2.82 0.495 0.659 2.27 0.489 0.606 2.04 

1.1 0.359 0.795 3.60 0.534 0.804 2.44 0.581 0.745 1.97 0.586 0.703 1.78 

1.2 0.409 0.866 3.16 0.599 0.873 2.13 0.677 0.841 1.72 0.688 0.805 1.56 

1.3 0.466 0.945 2.79 0.668 0.947 1.87 0.776 0.940 1.52 0.792 0.909 1.38 

1.4 0.517 1.015 2.49 0.731 1.016 1.66 0.876 1.040 1.35 0.895 1.012 1.24 

1.5 0.574 1.093 2.24 0.788 1.080 1.49 0.976 1.140 1.23 0.996 1.113 1.14 

1.6 0.630 1.170 2.02 0.833 1.132 1.36 0.999 1.163 1.14 0.999 1.116 1.08 

1.7 0.676 1.234 1.83 0.870 1.176 1.25 0.999 1.163 1.09 0.999 1.116 1.04 

1.8 0.729 1.309 1.67 0.898 1.210 1.17 0.999 1.163 1.05 0.999 1.116 1.02 

1.9 0.763 1.358 1.54 0.931 1.251 1.12 0.999 1.163 1.03 0.999 1.116 1.01 

2.0 0.799 1.411 1.42 0.946 1.270 1.08 0.999 1.163 1.01 0.999 1.116 1.00 

FSI EWMA tATS0 = 370.4

shift 

(a) 

n = 3 n = 5 n = 7 n = 9 

λ
* 

UCLt
* 

ATS
*

 λ
* 

UCLt
* 

ATS
*

 λ
* 

UCLt
* 

ATS
*

 λ
* 

UCLt
* 

ATS
*

 

0.1 0.010 0.330 166.58 0.011 0.193 88.19 0.014 0.202 67.32 0.020 0.247 55.96 

0.2 0.010 0.330 77.63 0.028 0.382 37.62 0.042 0.438 27.42 0.053 0.481 22.18 

0.3 0.013 0.404 48.07 0.042 0.507 22.02 0.071 0.623 15.71 0.088 0.672 12.56 

0.4 0.017 0.497 34.00 0.057 0.627 14.99 0.094 0.752 10.53 0.124 0.842 8.36 

0.5 0.022 0.606 25.93 0.072 0.738 11.14 0.118 0.877 7.75 0.160 0.998 6.12 

0.6 0.026 0.690 20.82 0.089 0.857 8.76 0.146 1.015 6.05 0.200 1.162 4.76 

0.7 0.028 0.731 17.31 0.107 0.978 7.17 0.175 1.152 4.93 0.239 1.315 3.87 

0.8 0.032 0.812 14.78 0.124 1.089 6.06 0.200 1.267 4.14 0.276 1.457 3.25 

0.9 0.035 0.872 12.89 0.136 1.166 5.23 0.227 1.389 3.57 0.317 1.612 2.79 

1.0 0.040 0.970 11.42 0.147 1.236 4.59 0.251 1.496 3.13 0.363 1.784 2.45 

1.1 0.042 1.009 10.25 0.161 1.324 4.10 0.277 1.611 2.79 0.403 1.933 2.18 

1.2 0.044 1.048 9.30 0.173 1.399 3.70 0.315 1.778 2.52 0.458 2.138 1.96 

1.3 0.048 1.125 8.52 0.187 1.486 3.38 0.344 1.905 2.29 0.521 2.374 1.78 

1.4 0.048 1.125 7.86 0.203 1.585 3.11 0.373 2.032 2.11 0.574 2.574 1.63 

1.5 0.054 1.240 7.30 0.222 1.702 2.88 0.410 2.194 1.96 0.638 2.818 1.49 

1.6 0.054 1.240 6.82 0.229 1.745 2.69 0.451 2.374 1.82 0.696 3.042 1.39 

1.7 0.058 1.317 6.41 0.250 1.874 2.52 0.490 2.546 1.71 0.752 3.261 1.29 

1.8 0.060 1.355 6.04 0.257 1.917 2.38 0.541 2.772 1.60 0.787 3.400 1.21 

1.9 0.063 1.412 5.72 0.272 2.009 2.25 0.580 2.946 1.51 0.843 3.624 1.16 

2.0 0.065 1.450 5.43 0.294 2.144 2.14 0.623 3.139 1.43 0.875 3.754 1.11 
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VSI EWMA t

hS = 0.2  pS = 0.6

(a = 0.2)(λ* = 0.041 , L* = 0.156)

FSI EWMA X-bar(λ* = 0.028 , UCLt
* = 0.382)

FSI EWMA t(λ* = 0.034 , UCLvt
* = 0.446)

VSI EWMA t

(a = 0.7)(λ* = 0.269 , L* = 0.512)

FSI EWMA X-bar(λ* = 0.107 , UCLt
* = 0.978)

FSI EWMA t(λ* = 0.170 , UCLvt
* = 1.353)

VSI EWMA t

(a = 1.5)(λ* = 0.788 , L* = 1.08)

FSI EWMA X-bar(λ* = 0.222 , UCLt
* = 1.702)

FSI EWMA t(λ* = 0.290 , UCLvt
* = 2.029)

VSI EWMA t

b

FSI EWMA tVSI EWMA t

FSI EWMA X-bar

λ

(VSI EWMA t)

ATSFSI EWMA tFSI EWMA 

X-barVSI EWMA t(b = 

1)ATS

ATS

(VSI EWMA t)

a = 0.2a = 1.5 

ATSFSI EWMA X-bar

FSI EWMA t

a = 0.7[0.2 , 0.5]

Zhang(FSI EWMA t)

(a = 0.2 , a = 0.7)

FSI EWMA X-bar

(a = 1.5)

FSI EWMA X-bar

FSI EWMA t

VSI EWMA t

FSI EWMA tFSI EWMA X-

bar

FSI EWMA t

ATS(λ* , UCLt
*)

(a = 0.2)

 

FSI EWMA t

ATS(λ* , UCLt
*)

(a = 0.7)

FSI EWMA t

ATS(λ* , UCLt
*)

(a = 1.5)
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VSI EWMA t

ATS(λ* , UCLvt
*)

(a = 0.2)

VSI EWMA t

ATS(λ* , UCLvt
*)

(a = 0.7)

VSI EWMA t

ATS(λ* , UCLvt
*)

(a = 1.5)

FSI EWMA X-bar

ATS(λ* , L*)

(a = 0.2)

FSI EWMA X-bar

ATS(λ* , L*)

(a = 0.7)

FSI EWMA X-bar

ATS(λ* , L*)

(a = 1.5)
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ATS

(a = 0.2)

ATS

(a = 0.7)

ATS

(a = 1.5)

ATS*

(n = 3, 5, 7, 9)

a

ATS*

ATS*

hS = 0.2pS = 0.6

1.50.70.2a (shift) 

4.562310.073953.1429 ATS* (algorithm)
n = 3

4.578510.076653.2383ATS (simulation) 

2.59684.581223.9934ATS* (algorithm) 
n = 5

2.60324.575223.7747ATS (simulation) 

2.38203.473917.0240ATS* (algorithm) 
n = 7

2.38223.487316.9799ATS (simulation) 

2.29163.019813.5759ATS* (algorithm) 
n = 9

2.29223.021413.6728ATS (simulation) 

VSI EWMA t

VSI EWMA t

FSI EWMA X-bar

ATS*

VSI EWMA tATS
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ATS*

Brook

Evans

(LCL , UCL)p = 2m+1

2δp

δ = (UCL – LCL)/(2p)p

ATS

p = 101

(LCL , UCL)p = 2m+12δ

(Yk)kj

Hj – δ < Yk < Hj + δ  ; j = – m , … , – 1 , 0 , 1 , … , m .  

Hjj

Yk

ATS

ATS = qT × P × G .                             

qP = (I – Q)–1 Q

G

(q)

                                                 
1 - Transient States  
2 - Absorbing State  

2mj(qj)

FSI EWMA X-bar

                      

FSI EWMA tVSI EWMA t

                            

(Q)

FSI EWMA X-bar

FN

FSI EWMA tVSI EWMA t

Ft(…| u , v)t-student

u

v

j(Gj)

j

– g ≤ j ≤ gLWL ≤ Hj ≤ UWL

(hL)

(hS)

gWu

UWL/2δ

 

                                                 
3 - Zero State 
4 - Non-central 
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