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1
ABSTRACT 

 
 

The Robot Motion Planning (RMP) problem deals with finding a 

collision-free start-to-goal path for a robot navigating among 

workspace obstacles. Such a problem is also encountered in path 

planning of intelligent vehicles and Automatic Guided Vehicles 

(AGVs). In terms of kinematic constraints, the RMP problem can be 

categorized into two groups of Holonomic and Nonholonomic 

problems. In the first group the robot can move freely from a point to 

any other point in the free space, while in the second one the robot’s 

movement is restricted to a subset of moves, as the constraints of a 

car for moving sideways. This paper proposes a solution to the RMP 

problem for car-like robots by the Fast Marching Method (FMM), 

which is a numerical technique for solving the Eikonal nonlinear 

partial differential equation. At first a smooth collision-free path is 

generated without considering the nonholonomic constraints, and 

then it is adjusted to accommodate the kinematic constraints using the 

Virtual Obstacles concept, which is a novel contribution. The 

presented method is fast and exact and finds the optimal path. 

Comparisons against another nonholonomic graph-search-based 

method showed the advantage of the new method over it in terms of 

path length and runtime. 

 
           © 2012 IUST Publication, IJIEPM. Vol. 23, No. 2, All Rights Reserved 

 

 

 
 

 
 

 
 

                                                 
**

Corresponding author. Ellips Masehian 
  Email: masehian@modares.ac.ir 

SSeepptteemmbbeerr  22001122,,  VVoolluummee  2233,,  NNuummbbeerr  22  

pppp..  222277--223388 

  
  

hhttttpp::////IIJJIIEEPPMM..iiuusstt..aacc..iirr//  

 

 

IInntteerrnnaattiioonnaall  JJoouurrnnaall  ooff  IInndduussttrriiaall  EEnnggiinneeeerriinngg  &&  PPrroodduuccttiioonn  MMaannaaggeemmeenntt  ((22001122))  

 

Mobile Robot, 

Car-like Robot, 

Robot Path Planning, 

Fast Marching Method (FMM) 

Virtual Obstacle 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             1 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  **

AGV

Eikonal

.

                                                 

jannat.davood@gmail.com

*

masehian@modares.ac.ir

(θ1, θ2, ...)

                                                 
2 Configuration space 

 

  

  
  

  

hhttttpp::////IIJJIIEEPPMM..iiuusstt..aacc..iirr//  

 

 

 

 
ISSN: 2008-4870 

 

 

 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             2 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


  

  

qF(q) = 0

k

 k 

A

 A 

                                                 
1 Holonomic 
2 Nonholonomic 
3 Car-like robot 
4 Fast Marching Method (FMM) 

 A 

 A 

 q 

 ( , ) 0G q q

G

 q 

m (m−1)  k 

 (m−k) 

 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             3 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


 

 

R
2
  S

1
(x, y,)

(x, y)



x

2


2
|max| <

|| > 0-

Lv

tan( )
tan( )

   
L L

 
 

 

                                                 
1 Roadmap 
2 Potential fields 
3 Cell decomposition 

xycos( )x v 

sin( )y v 

cos( )
cos( ) sin( ) 0

sin( )

x
y x

y


 


   

 



 )tan(
L

v


min = L/tan(max)

Dubins

Reeds and Shepp 

(R&S)

NP-Hard

O(nk+nlogn)k

                                                 
4 Reachable set 
5 Visibility graph 

 

 

 

(x, y) 

L 

 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             4 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


  

  

n

clothoid

PRM

PRM

 

Γ

F

T(x, y)

ΓP(x, y)

   1
dx dT

F F
dT dx

  

FxT

  01;    ( ) 0T F T   

                                                 
1 Probabilistic Roadmap Method (PRM) 

0Γ

Eikonal

F = 1

FMM

Eikonal

Sethian

O(nlogn)n

2 2

2 2

2

max( ,0) min( ,0)

1
max( ,0) min( ,0)

x x

ij ij

y y

ij ij

ij

D T D T

D T D T
F

 

 

 

 

, 1, 1, ,

, , 1 , 1 ,

,     

,    

i j i j i j i jx x

ij ij

i j i j i j i jy y

ij ij

T T T T
D D

x x

T T T T
D D

y y

  

  

 
 

 

 
 

 

 

Ti, j(i, j)

xΔΔy

Ti, j

Ti, j+1

Ti+1, jTi, jTi−1, j

Ti, j−1

Ti, j

x 

y 

T 

T=0 

T=2 

T=1 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             5 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


 

FMM

A*

FMM

FMM

FMM

FMM

AliveT

 

TrialT

T

Alive 

Far

 T = Far 

 T = 0Far

Alive 

 TrialT

1/Fij

 pTrialTrial

Alive

 Tpp

 AliveT

 TrialT

 

 FarT

FarTrial

                                                 
1 Curvature 
2 Voronoi diagram 
3 Smooth 
4 Online 

FMM

FMM

FMM

FMM1/F

 

 
inf 1/

sup (1/ )

F
R

F



 

R

FMM

DubinsU

R&S

                                                 
5 Average Filter 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             6 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


  

  

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

761

 

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

781

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

801

FMM

-

R&S

Dubins



xy

Dubins

Dubins

R&S

                                                 
1 Spline 

موانع مجازي 

 مجازي

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             7 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


 

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

S
G

227

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

S
G

257

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

S
G

51122

Rmin

Rmin

Dubins

Rmin

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

SG

215

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

SG

42842

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

SG

213

Rmin

Rmin

R&SRmin

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             8 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


  

  

 

12

(x1, y1, 1)

C1R1

C2

C1(x2, y2, 2)

O(x, y)

BarraquandLatombe

Reeds-Shepp-

±L±R

 ±S

.

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

S

G

211

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

S

G

213

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

S

G

41042

Rmin

Rmin

R&S

Rmin

Rmin

R1 

R2 

(x1, y1,1) (x2, y2, 2) 

(x3, y3) 
(x4, y4) C1 

C2 

O(x, y) 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                             9 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


 

OPEN

OPEN

qstart

OPEN

best-first search

OPEN

OPEN

T

OPEN

OPEN

T

cba

ab

cc

b

ab

T

OPEN+L+R+S

T

q8

q0

                                                 
1 Root 
2 Resolution complete 

Dubins

+L+R+S

GS

GS

VO

GS

FMM

VO

GS

OPEN={q7, q4, q5, q6, q8} 

.TOPEN

VOGS

GS

VO

 

  
FMM 

 

5.254 0.471 0.11 0.36 0.001 100×100
16.925 1.372 0.44 0.93 0.002 150×150

41.501 3.055 1.29 1.76 0.005 200×200

60.856 6.027 3.06 2.96 0.007 250×250
85.621 10.69 6.27 4.41 0.010 300×300

105.939 17.764 11.51 6.24 0.014 350×350

200.756 27.689 19.45 8.22 0.019 400×400
245.032 42.205 30.84 11.34 0.025 450×450

362.799 61.791 47.63 14.13 0.031 500×500

                                                 
3 Resolution 

+R 

+S 

+L 

 

q5 q6 
 

q7  
q8 

q3  
q4 

q2 

q0 

q1 

+L 

+L 

+L +R 
+R 

+R 

+S +S 

+S 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                            10 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


  

  

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

711

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

223

20 40 60 80 100

10

20

30

40

50

60

70

80

90

100

214

.GS

0

50

100

150

200

250

300

350

400
1
0
0
×
1
0
0

1
5
0
×
1
5
0

2
0
0
×
2
0
0

2
5
0
×
2
5
0

3
0
0
×
3
0
0

3
5
0
×
3
5
0

4
0
0
×
4
0
0

4
5
0
×
4
5
0

5
0
0
×
5
0
0

  
  

 
  

 
 

  
   

 

               

GS VO

FMM

FMM

VO

FMM

[1] Gonzalez-Banos, H.H., Hsu, D., Latombe, J.C., 

“Motion Planning Recent Developments”, Honda 

Research Institute USA Inc., USA, 2005. 
 

                                                 
1 Exact 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

                            11 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html


 

[2] Lozano-Pérez, T., Wesley, M.A., “An Algorithm for 

Planning Collision-Free Paths Among Polyhedral 

Obstacles”, 1979. 
 

[3] Wanseok, Y., “Optimal Approach for Autonomous 

Parallel Parking of Nonholonomic Car-Like 

Vehicle”, MS thesis, State University of New York, 

2006. 

 

[4] Vasseur, H.A., Pin, F.G., Taylort, J.R., “Navigation of 

Car-Like Mobile Robot using a Decomposition of the 

Environment in Convex Cell, in Proc. IEEE ICRA, 

Sacramento, California, April 1991. 

 

[5] Latombe, J.C., Robot Motion Planning, Kluwer Pub., 

Boston, MA, 1991. 

 

[6] Choset, H., Lynch, K., Hutchinson, S., Kantor, G., 

Burgard, W., Kavraki, L., Thrun, S., Principle of 

Robot Motion  Theory, Algorithms, and Application, 

MIT Press, Cambridge, 2005. 

 

[7] Dubins, L.E., “On Curves of Minimal Length with a 

Constraint on Average Curvature and with 

Prescribed Initial and Terminal Positions and 

Tangents”, American Journal of Math. Vol. 79, 1957, 

pp. 497-516. 

 

[8] Reeds, J.A., Shepp, L.A., “Optimal Paths for a Car 

that Goes Both Forwards and Backwards,” Pacific 

Journal of Mathematics, Vol. 145, No 2. 1990, pp 

367-393. 
 

[9] Soukres, P., Fourquet, J.Y., Laumond, J.P., “Set of 

Reachable Positions for a car Philippe”, IEEE 

Transactions on Automatic Control, Vol. 39, No. 8, 

August 1994. 
 

[10] Reif, J., Wang, H., “The Complexity of the Two 

Dimensional Curvature-Constrained Shortest-Path 

Problem”, Workshop on the Algorithmic Foundations 

of Robotics, Houston, Texas, June 1998. 
 

[11] Jing, K., Seneviratne, L.D., Earles, S.W., “A Shortest 

Path Based Path Planning Algorithm for 

Nonholonomic Mobile Robots”, Journal of Intelligent 

and Robotic Systems, 1999. 
 

[12] Kito, T., Ota, J., Katsuki, R., Mizuta, T., Arai, T., 

Ueyama, T., Nishiyama, T., “Smooth Path Planning 

by using Visibility Graph-Like Method”, in Proc. 

IEEE, Taipei, Taiwan, September 2003. 
 

[13] Scheuer, A., Fraichard, T., “Continuous-Curvature 

Path Planning for Multiple Car-Like Vehicles”, in 

Proc. IEEE/RSJ IROS, September 1997, Grenoble, 

France. 
 

[14] Scheuer, A., Fraichard, T., “Continuous-Curvature 

Path Planning for Car-Like Vehicles”, in Proc. Inc.-

Copernicus ERB--IC15-CT96-0702 project, May 25, 

1998. 
 

[15] Laumond, J.P., Jacobs, P.E., Taix, M., Murray, R.M., 

“A Motion Planner for Nonholonomic Mobile Robots”, 

IEEE Transactions on Robotics and Automation, Vol. 

10, No. 5, October 1994. 

 

[16] Pin, F.G., Vasseur, H.A., “Autonomous Trajectory 

Generation for Mobile Robots with Nonholonomic 

and Steering Angle Constraint”, IEEE International 

Workshop on Intelligent Motion Control, Bogazici 

University, Istanbul, August 1990. 
 

[17] Sánchez, A.L., Zapata, R., Arenas, A.B., “Motion 

Planning for Car-Like Robots using Lazy 

Probabilistic Roadmap Method”, MICAI 2002, pp. 

1-10. 

 

[18] Guang, S., Nancy, A.M., “Randomized Motion 

Planning for Car-Like Robots with C-PRM”, 

Technical Report TR01-002, Dept. Computer 

Science, Texas A&M University, March 11, 2001. 
 

[19] Farag, A.A., Hassouna, M.S., “Theoretical Foundations 

of Tracking Monotonically Advancing Fronts using 

Fast Marching Level Set Method”, Technical Report 

Computer Vision and Image Processing Laboratory, 

ECE Dept., University of Louisville, February 2005. 
 

[20] Sethian, J.A., “A Fast Marching Level Set Method for 

Monotonically Advancing Fronts”, Proc. National 

Academy of Science. U.S.A., Vol. 93, No. 4, 1996, 

pp. 1591-1595. 
 

[21] Li, Y., Real-Time Motion Planning of Multiple 

Agents and Formations in Virtual Environments, 

PhD Thesis, Simon Fraser University, Fall 2008. 
 

[22] Chiang, C.H., Chiang, P.J, Fei, J.C.C., Liu, J.S., “A 

Comparative Study of Implementing Fast Marching 

Method and A* Search for Mobile Robot Path 

Planning in Grid Environment: Effect of Map 

Resolution”, National Science Council under contract 

NSC 96-2221-E-001-018-MY2, 2007. 
 

[23] Garrido, S., Moreno, L., Blanco, D., Martin, F., 

“Exploratory Navigation Based on Voronoi 

Transform and Fast Marching”, 2007. 
 

[24] Garrido, S., Moreno, L., Blanco, D., Martin, F., “Log 

of the Inverse of the Distance Transform and Fast 

Marching Applied to Path Planning”, in Proc. 

IEEE/RJS IROS, 2006, Beijing, China. 
 

[25] Chiang, C.H., Liu, J.S., “Boundary Following in 

Unknown Polygonal Environment Based on Fast 

Marching Method”, National Science Council, 2007. 
 

[26] Cohen, L.D., Kimmel, R., “Global Minimum for 

Active Contour Models: a Minimal Path Approach”, 

Int. Journal of Computer Vision 24(1), 1997, pp. 57 – 

78.  
 

[27] Petres, C., Pailhas, Y., Patron, P., Petillot, Y., Evans, 

J., Lane, D., “Path Planning for Autonomous 

Underwater Vehicles”, IEEE Trans. Robotics, Vol. 

23, No. 2, 2007, pp. 331-341. 
 

[28] Barraquand, J., Latombe, J.C., “Nonholonomic 

Multibody Mobile Robots: Controllability and Motion 

Planning in the Presence of Obstacles,” 

Algorithmica, Vol. 10, 1993, pp. 121–155. 

 [
 D

ow
nl

oa
de

d 
fr

om
 ij

ie
pm

.iu
st

.a
c.

ir
 o

n 
20

25
-1

2-
13

 ]
 

Powered by TCPDF (www.tcpdf.org)

                            12 / 12

https://ijiepm.iust.ac.ir/article-1-883-fa.html
http://www.tcpdf.org

