
��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��

��
��

Solving Urban Bus Terminal Location Problem Using 

Genetic Algorithm 
  
S.M. Seyed-Hosseini*,   R. Heydari   &  T. Heydari  

 
S.M. Seyed-Hosseini,Department of Industrial Engineering, Iran University of Science & Technology, Tehran, Iran 
R. Heydari, Department of Industrial Engineering, Shahed University 
T. Heydari, Department of Industrial Engineering, Iran University of Science & Technology, Tehran, Iran 
 

Keywords                                         ABSTRACT 
 
 

Bus network design is an important problem in public transportation. The 
main step to this design, is determining the number of required terminals 
and their locations. This is an especial type of facility location problem, a 
large scale combinatorial optimization problem that requires a long time 
to be solved.�Branch & bound and simulated annealing methods have 
already been used for solving Urban Bus Terminal Location 
Problem(UBTLP) that first method requires much time and second 
method doesn�t reach desired solution. In this paper, a Genetic 
Algorithm is suggested for solving the problem. The main advantages of 
proposed algorithm are reaching better solution and taking less time. The 
demonstrated results have shown that proposed Genetic Algorithm can 
be an efficient and confident approach for solving UBTLP. For 
verification of proposed methodology, two illustrative practical examples 
are solved and obtained outcomes are reported. 
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�ƝŶƷ�ƖŝŚţ�æ�ŢƯŶų�ƱřżǀƯ� �Ƶźĭ�ƾƷŵƵźĭ�ƭŚưţ�ƶŝ�ŶƿŶƳŚƧ�ƽŚƷ�řŹ� ŚƷ
ƾƯ�ƆŴƄƯŶƴƧ� �� Ƶźĭ� ƪǀƀƳŚŤě� ƶģ� źƷ� ŚưƬƀƯjŶƃŚŝ� źţǇŚŝ���ƾƴƘƿ�

�ƽźŤưƧ�ƶƬƇŚƟ�ƹ�ŶƃŚŝ�źŤƄǀŝ�Ʊō�Źŵ�ƵŶƃ�ƵŵŚǀě�ƹ�Źřƺſ�ƲƿźƟŚƀƯ�ŵřŶƘţ
� ŶƿŶƳŚƧ� Ƶźĭ� ŚţiŢƯŶų� ƱřżǀƯ� �ŶƃŚŝ� ƶŤƃřŵ�� Ƶźĭ� ƾƷŵi�źŤƄǀŝ� ŶƿŚŝ�

ŵƺƃ��źŝŚƴŝ�Ʋƿř�ƖŝŚţfŹŵ���æ�ƾƯ�ƞƿźƘţ�źƿŻ�šŹƺƇ�ƶŝ�ŵƺƃ���
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�ŢƿŵƹŶŰƯ�ç��ƾƯ�ƱŚƄƳ�źƟŚƀƯ�źƷ�ƶƧ�ƾŤƯŶų�ƮƸſ�ƕƺưŬƯ�ƶƧ�ŶƷŵ

� ƵźĭjƵźĭ� Żř�ƾƯ� ŶƿŶƳŚƧ� ƽŚƷŶƃŚŝ� Ʀƿ� źŝřźŝ� źŨƧřŶů� ŶƿŚŝ� �ŵźǀĭ��
�ŢƿŵƹŶŰƯ�è��ŚƄƳƾƯ�Ʊ�Ƶźĭ�ƶƧ�ƾƳŚƯŻ�ŚƸƴţ�ƶƧ�ŶƷŵi�ƶƳŚƿŚě�ƱřƺƴƗ�ƶŝ�

�ŵƺƃ�śŚŴŤƳřyi=1)�(�Ƶźĭ�ƶŝ�ƾƯ�ŢƯŶų�ƶƿŚƀưƷ�ƽŚƷŶƷŵ���Ʋƿř�źǀƛ�Źŵ
Ƶźĭ�ĢǀƷ�ƶŝ�šŹƺƇƶŬǀŤƳ�Źŵ�ƹ�ƵŵřŶƳ�ŢƯŶų�ƽř�ijxƵźĭ�ƭŚưţ�ƽřźŝ��

ƽŚƷ �*
iJjƾƯ�źƠƇ�Śŝ�źŝřźŝ�ŵƺƃ���ŢƿŵƹŶŰƯ�é��řŶƘţƶƳŚƿŚě�ŵ�ƽŚƷ

ƾƯ� ƩźŤƴƧ� řŹ� ŻŚǀƳ� ŵŹƺƯŶƴƧ� �� ƽŚƷ� ŢƿŵƹŶŰƯ� ƹ�ê� �� ƹ�ë� ��żǀƳ
ŶƴŤƀƷ�ƶƫŚƀƯ�Ʀƿ�ƹ�źƠƇ�ƹ�ŢƯǈƗ�ƽŚƷ�ŢƿŵƹŶŰƯ���

��
é��ƶƫŚƀƯ�ƪů�Ƣǀƣŵ�ƽŚƷ�ƁƹŹ��

�ƽŚƷ�ƩŶƯ�ƶŝ�źŤƄǀŝ�ƽŻŚſ�ƶƴǀƸŝ��Ţƈƃ�ƹ�ƵŚŬƴě�ƽŚƷ�ƶƷŵ�Źŵ
Ŷƃ�ƾƯ�ƍƺŝźƯ��ƶŤſƺǀě�ƽŚƷźǀƜŤƯ�Śŝ�ƾƐų�źǀƛ�ƹ�ƾƐų��ƽŻŚſ�ƶƴǀƸŝ

Ư�ƶƧ�ƾŞǀƧźţ�ƾƯ�ƶŤƀƀĭ�ƽŚƷźǀƜŤƯ�Śŝ�ƽŻŚſ�ƶƴǀƸŝ�ƪƿŚƀƯ�ƶŝ�ƍƺŝź
�ƽ�ƶƷŵ�Źŵ�ŵƺƃìå�ŢƟźĭ�Źřźƣ�ƶūƺţ�ŵŹƺƯ�@î��>��

�ƁŹŚưƃ� �ƾŞǀƧźţ�ƽŻŚſ� ƶƴǀƸŝ�ƪƿŚƀƯ�ƪů�ƽřźŝ� ƶƳŚǀƃŚƳ�ƁƹŹ�Ʀƿ
�ƖŝŚţ� ŹřŶƤƯ� �ƲƨưƯ�ƽŚƷ�ŜǀƧźţ�ƾƯŚưţ�ƽřźŝ�Ʊō� Źŵ�ƶƧ� �Ţſř�ƪƯŚƧ

ƾƯ�śŚŴŤƳř�ƶūƺƯ�śřƺū�ƲƿźŤƸŝ��ŢƿŚƸƳ�Źŵ�ƹ�ƵŶƃ�ƶŞſŚŰƯ�ƝŶƷ�ŵƺƃ��
�ƶŝ��ŚƯř��ŶſŹ�ƾƯ�ƶƫŚƀƯ�Ƣǀƣŵ�śřƺū�ƶŝ�ŢƿŚƸƳ�Źŵ��Ƶƺǀƃ�Ʋƿř�ŶƴģźƷ
�Żř� ƵŵŚƠŤſř�ǈưƗ� �ƾƘƣřƹ�ƪƿŚƀƯ� Źŵ�ƲƨưƯ�šŚŞǀƧźţ�Ʊŵƺŝ�ŵŚƿŻ�ƪǀƫŵ

Ţſř�ƲƨưƯ� źǀƛ�Ʊō� ��ƁŹŚưƃ�ƁƹŹ�ƶŝ�ƍƺŝźƯ�šǈƨƄƯ�ƶŝ� ƶūƺţ� Śŝ
�źţřŹŚƧ� ƹ� źţźŧƺƯ� ƽŚƷ� ƁƹŹ� ƽ� ƶƘſƺţ� ƽřźŝ� ƽŹŚǀƀŝ� Ɓǈţ� �ƪƯŚƧ

Ţſř�ƶŤƟźĭ�šŹƺƇ��Ź�ƲǀưƷ�Źŵ�ŵƺūƹ�ƶŝ�ƾƠƬŤŴƯ�ƽŚƷ�ƮŤƿŹƺĮƫř��ŚŤſř
�ƁŹŚưƃ�ƹ�ƱřźƧ�ƹ�ƶųŚƃ��Ʊō�ƽŚƷ�ƶƳƺưƳ�ƲƿźţŹƺƸƄƯ�ƶƧ�Ţſř�ƵŶƯō

ŶƳř�ƾƴưƋ���
ƵŶƿř�ƶǀůŚƳ� ƮǀƀƤţ� �ƱřźƧ� ƹ� ƶųŚƃ� ƁƹŹ� ƾƬƇř� ƽ�źƿŻ� ƶŝ� ƶūƺƯ� ƽ
ƂŴŝ�ƩźŤƴƧ�ƪŝŚƣ�ƽŚƷ�ƂŴŝ�źƿŻ�ƶŝ�ŚƷ�Ʊō�ƮǀƀƤţ�ŻŚǀƳ�šŹƺƇ�Źŵ�ƹ�źţ

Ţſř� źţ� ƦģƺƧ� ƽŚƷ� �ƱřźƧ� ƹ� ƶųŚƃ� ƾƯƺưƗ�ƁƹŹ� Źŵ�ƪů� ƽřźŝ� �
�Żř�ƽŵřŶƘţ�źƿŵŚƤƯ�ƱŶƃ�ƆŴƄƯ�Żř�žě��ƎƬŤŴƯ�ƽżƿŹ�ƶƯŚƳźŝ�ƪƿŚƀƯ

�ƲǀǀƘţ�ƽřźŝ�ƾƐų�ƽżƿŹ�ƶƯŚƳźŝ�Ʀƿ�ƶųŚƃ�źƷ�Źŵ� �ŮǀŰƇ�ƽŚƷźǀƜŤƯ
ŵƺƃ�ƾƯ�ƪů�ŚƷźǀƜŤƯ�źƿŚſ�źƿŵŚƤƯ���

�Źŵ�ƶƧ�Ţſř�ƱřźƧ�ƹ�ƶųŚƃ�ƁƹŹ�Żř�ƾƇŚų�ŢƫŚů�ƾƴưƋ�ƁŹŚưƃ�ƁƹŹ
ŶƳř�ƆŴƄƯ�ŮǀŰƇ�ƽŚƷźǀƜŤƯ�ƭŚưţ�źƿŵŚƤƯ�ƶųŚƃ�źƷ���Ʋƿř�ƾŤƣƹ�ƁƹŹ

�ƪů��ŮǀŰƇ�ƽŚƷźǀƜŤƯ�źƿŵŚƤƯ�ƱŶƃ�ƆŴƄƯ�Żř�žě�ƶƧ�ŵŹřŵ�ƾƿřŹŚƧ
ƾƣŚŝƵŶƳŚƯ�ƽŻŚǀƳ�ƹ�ŶƃŚŝ�ƵŵŚſ�ƶŤſƺǀě�ƽŚƷźǀƜŤƯ�ƲǀǀƘţ�ƽřźŝ�ƶƫŚƀƯ�ƽ

ŶƃŚŞƳ�ƾƐų�ƽżƿŹ�ƶƯŚƳźŝ�Ʀƿ�ƪů�ƶŝ�ƶƫŚƀƯ�ŹŵƱŚƨƯ�ƽ��ŚƷ�ƶƳŚƿŚě�ƾŝŚƿ
�ŮǀŰƇ�ƽŚƷźǀƜŤƯ� Żř�žě�yi�ŚƷ�ƶƫŚƀƯ�ƪů� ��ƲǀǀƘţ� ƹ� ƵŶƳŚƯ�ƾƣŚŝ�ƽ

ƷźǀƜŤƯ� ƶŤſƺǀě�ƽŚ�xij�ŚƷ� ��ƽżƿŹ� ƶƯŚƳźŝ�ƪů�ƶŝ�ƽŻŚǀƳ� ƹ�Ţſř� ƵŵŚſ
ŢƀǀƳ�ƾƐų��ŵźǀĭ�ƾƯ�ŢƯŶų�ƶƳŚƿŚě�Ʋƿźţ�ƦƿŵżƳ�Żř�ƾƷźĭ�źƷ�řźƿŻ����

��
ê��ƁƹŹƶƫŚƀƯ�ƪů�ƽŹŚƨŤŝř�řźƟ�ƽŚƷ��

�ƪƿŚƀƯ�ƪů�Ƣǀƣŵ�ƽŚƷ�ƁƹŹ�ƱƺƯřźǀě�ƾţŚŰǀƋƺţ��ƪŞƣ�ƂŴŝ�Źŵ
Ŷƃ�ƶƿřŹř�ƽŻŚſ�ƶƴǀƸŝ� ��ƽřźŝ�ŹƺƧŸƯ�ƽŚƷ�ƁƹŹ�ƶƧ�Ţƃřŵ�ƶūƺţ�ŶƿŚŝ

Ư�ƽŵźƨƬưƗ�ƹ�ŶƴƷŵ�ƾƯ�Ţſŵ�Żř� řŹ�ŵƺų�ƾƿřŹŚƧ�īŹżŝ�ŵŚƘŝř�Śŝ�ƪƿŚƀ
Ţƃřŵ� ŶƴƷřƺŴƳ� ƪƯŚƧ�ƁŹŚưƃ� Żř� źŤƸŝ� ��żƧźưţ� řźǀųř� �ǇŚŝ� ƪƿǇŵ� ƶŝ

Ţſř�ƶŤƟźĭ�šŹƺƇ�ƽŹŚƨŤŝř�ƽŚƷ�ƁƹŹ�ƽƹŹ�źŝ�ƽźŤƄǀŝ���
�śřƺū�Ʋǀŝ� Źŵ� ƺŬŤƀū� Śŝ� ƶƧ�Ţſř�ƾƃƹŹ� �ƽŹŚƨŤŝř�ƽƺŬŤƀū�ƁƹŹ

�śƺų�ƾŝřƺū� �ƲƨưƯ�ƽŚƷ�ƶƴǀƸŝ�ƶŝ�ƦƿŵżƳ� �Źŵ�ƽřźŝ�śƺƬƐƯ�ƾƳŚƯŻ�
ŶƷŵ� ƾƯ� ƶƿřŹř� ƶƫŚƀƯ�Ʀƿ� ��Ʊŵƺŝ� ƶƴǀƸŝ� ƽřźŝ� ƾƴǀưƌţ� ĢǀƷ� ǇƺưƘƯ

�Ţſŵ�ƶŝ�śřƺū�ƾƨƿŵżƳ�ƱřżǀƯ�Ʊřƺţ�ƾưƳ�ƾŤů�ƹ�ŵŹřŶƳ�ŵƺūƹ�śřƺū
ŵźƧ�ƲǀǀƘţ�żǀƳ� řŹ�ƶƴǀƸŝ�śřƺū�ƶŝ� ƵŶƯō� ��Źŵ�źŤƄǀŝ�ƶƘƫŚƐƯ� ŹƺƔƴƯ�ƶŝ

ƮŤƿŹƺĮƫř� ƕřƺƳř� ƶƴǀƯŻ� ƖūřźƯ� ƶŝ� ƽŹŚƨŤŝřřźƟ� ƽŚƷ@æê�æè� >�ƶƘūřźƯ
ǀƴƧŶ���

� ƖūźƯ� Źŵ� ƶƧ�ƽŹŚƨŤŝř� řźƟ� ƽŚƷ�ƁƹŹ� Żř� ƾƨƿ@î� >�ƶƫŚƀƯ� ƪů�ƽřźŝ
ƱŚƨƯ�ƱŵźƧ�ŵźſ�ƹ�ƭźĭ�ƁƹŹ�Ţſř�ƵŶƃ�ƶŤƟźĭ�ŹŚƧ�ƶŝ�ŚƷ�ƶƳŚƿŚě�ƾŝŚƿ

Ţſř� ƵŶƃ�ƽŻŚſ� ƶǀŞƃ� ���žǀƬěřźŤƯ�Ǝſƺţ� ŹŚŝ�Ʋǀƫƹř�ƽřźŝ�ƁƹŹ�Ʋƿř
�ƽ�ƵŶƿŶě�ƶŝ�ŢƷŚŞƃ�Ʊō�ƶǀưƀţ�ƶūƹ�ƹ�Ŷƃ�ƕřŶŝř�ƾƳźſ�ƹ�ŚƨƿźţŚě�ƥźƧ

řŶƯŚū�ƱŵźƧ�ŵźſ�ƹ�ƭźĭŢſř�śřŸƯ�š���ƶŝ�ƁƹŹ�Ʋƿř�Żř�ƪƇŚů�śřƺū
ƾƯ�ƩƺưƘƯ�ŹƺƏ�ƶŝ�ƹ�ŢƀǀƳ�ƶŤƀŝřƹ�ƶǀƫƹř�śřƺū�ƾŝřƺū��Ʊō�Ǝſƺţ�Ʊřƺţ

ŵŹƹō� Ţſŵ� ƶŝ� ƶƴǀƸŝ� ƶŝ�ƦƿŵżƳ� �� ƖūźƯ� Źŵ@î� >ƶƫŚƀƯ� ƪů� ƽřźŝ�ƽ
UBTLP�ƮŤƿŹƺĮƫř�Ʀƿ�SA�ŪƿŚŤƳ� Żř�ƾŤưƀƣ�ƶƧ�Ţſř� ƵŶƃ�ŵŚƸƴƄǀě�

Ţſř�ƵŶƯō�żǀƳ�ƶƫŚƤƯ�Ʋƿř�Źŵ�Ʊō����
ŹƺĮƫř� Żř� źĮƿŵ� ƾƨƿ�ƶƧ�Ţſř�ƦǀŤƳĥ� ƮŤƿŹƺĮƫř� �ƽŹŚƨŤŝř� řźƟ� ƽŚƷ� ƮŤƿ

�ƁƹŹ�Żř�Ʊō�ƾƿřźĮưƷ�ŢƗźſSA�Ţſř�źŤƄǀŝ�@æë��>�Źŵ�ƶƧ�Śū�Ʊō�Żř
ƶƫŚƀƯ�ƪů�ƽřźŝ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř�Ʀƿ� Żř� ƶƫŚƤƯ�Ʋƿř�ƽUBTLP�ƵźƸŝ�

ƮƿŻřŵźě�ƾƯ�ƮŤƿŹƺĮƫř�Ʋƿř�ƪƯŚƧ�ƾƟźƘƯ�ƶŝ�ŶƘŝ�Ţưƀƣ�Źŵ��Ʈƿř�ƶŤƟźĭ���
��

ë��ƦǀŤƳĥ�ƮŤƿŹƺĮƫř�ƦưƧ�ƶŝ�ƶƫŚƀƯ�ƪů��
æ�ë��ƶĤŴƿŹŚţƦǀŤƳĥ�ƮŤƿŹƺĮƫř�ƽ��

ƵŶƷŚƄƯ� Śŝ� ƱŚƤƤŰƯŵƺų� �ŚƤŝ� �ƽŹŚĭŻŚſ� ƽ��ŢƿřŶƷ� �ƾưǀƯźţ
ƮŤƀǀſ�šŚǀƇƺƈų�źĮƿŵ�ƹ�ƪŨƯ�Ŷǀƫƺţ�ƶƧ�Ʋƿř�Źŵ�ƪƯŚţ�ƹ�ƾƘǀŞƏ�ƽŚƷ



ƱŚƨƯ�ƶƫŚƀƯ�ƪůƱŚƨƯ�ƶƫŚƀƯ�ƪů��ƶƳŚƿŚě�ƾŝŚƿƶƳŚƿŚě�ƾŝŚƿ��Žƺŝƺţř�ƶƨŞƃ�ƽŚƷŽƺŝƺţř�ƶƨŞƃ�ƽŚƷ��ƱƹŹŵ�ƾƳřŹƱƹŹŵ�ƾƳřŹ��Śŝ�ƽźƸƃŚŝ�ƽźƸƃ��������������������������������������������ŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫřƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫř����������������ìî���

  
ƾƯ� ƪů� řŹ� ŵƺų� šǈƨƄƯ� ƶƳƺĮģ� ŢƘǀŞƏŶƴƧ��Żř� ŶǀƬƤţ� źƨƟ� ƶŝ�

ƁƹŹ�ƮŤƀǀſ�ƾůřźƏ�ƹ�ƵŶǀĤǀě�ƪƿŚƀƯ�ƪů�Źŵ�ƾƘǀŞƏ�ƽŚƷŶƳŵŚŤƟř�ŚƷ��
� ƵŶƿřƶƿŚě� źŝ� ƹ� źƨƟ�Ʋƿř�ŽŚſřźŝ� ƮƷ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř�ƾƬƇř�ƶƿźƔƳ�ƽ

ŢƟźĭ�ƪƨƃ�ƲƿƹŹřŵ�ƪƯŚƨţ���
�ƩŚſ�ŹŵæîëåƦǀƴƨţ�ŭźƏ�Śŝ�īźŞƴģŹ��Śŝ�ƶƧ�ƾƬƯŚƨţ�ƾţŚŞſŚŰƯ�ƽŚƷ

ƾƯ�ŢŴſ�ƪƿŚƀƯ�ƪů�ƶŝ�ŢƘǀŞƏ�Żř�ŶǀƬƤţ�Źŵ�řŹ�ƭŚĭ�Ʋǀƫƹř��ŶƴŤųřŵźě
Ţƃřŵźŝ� ƶƴǀƯŻ�Ʋƿř� �� ƩŚſ� Źŵ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř� ƶǀƫƹř�ƩƺƇř� ŚƯřæîëè�

Ŷƃ�ƶƿřŹř�ƂƳřŹŚƨưƷ�ƹ�ŶƴƫŚƷ�Ǝſƺţ��ƩŶƯ�ƽřźŝ�ƱŚƳōƮŤƀǀſ�ƽŻŚſ�ƽŚƷ
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ŶǀƴƧ���
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bi  {0,1,�,m-1} ,  i: 1,�,n. 
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J={1,2,3,�,60} 
I={1,5,15,20,25,30,35,40,45, 50} 
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�ƭƹŻƺƯƹźƧ�śŚŴŤƳř�ƩŚưŤůřk�Śŝ�Ţſř�źŝřźŝ�ƭř����

��

�í�������������������������������������������������������������
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�ƶƧkf�ƭƹŻƺƯƹźƧ�ƾĭŶƳŻřźŝ�ƱřżǀƯ�ƝźƘƯ�ƩƺƯźƟ�Ʋƿř�Źŵk�Ţſř�ƭř����
ƵŵŚǀě�ƽřźŝ�ƶŝ�ƽŻŚſ�ƶǀŞƃ�Ʀƿ�Żř��źţƺǀĜƯŚĩ�Źŵ�ŢƫƹŹ�űźģ�ƩŶƯ�ƽŻŚſ

Ʈƿźǀĭ�ƾƯ�ƵźƸŝ�ƪƿŷ�šŹƺƇ����
śřƺū�ƭŚưţ�řŶŤŝřŵ�ƶƫŚŞƳŵ�Ʀƿ�šŹƺƇ�ƶŝ�ŢǀƘưū�ƽŚƷƾƯ�ƵŵŹƹō�Ź�ŶƳƺƃ

�Ĩƿ� źƷ�śŚŴŤƳř� ƩŚưŤůř� ƹ�� ŹřŶƤƯ�ƾƴƘƿpk � ƭƹŻƺƯƹźĩ�ƽřźŝ�k�óƭř��
ƾƯ�ƶŞſŚŰƯŵƺƃ���ƾƘưŬţ�ƩŚưŤůř�ŹřŶƤƯ�žĜſ(qk)�Żř��śřƺū�źƷ�ƽřźŝ�

ƾƯ�ƶŞſŚŰƯ�źƿŻ�ƶƐŝřŹŵƺƃ���
��

�î�����������������������������������������������������������������
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��

��

� Śŝ�ƾƟŵŚƈţ� ŵŶƗ� ŵŚŬƿřr� ƶƬƇŚƟ� Źŵ�[0,1]�žƿŶƳř� ��k�źƿŻ�šŹƺƇ� ƶŝ�
ƾƯ�ƲǀǀƘţŵƺƃ���

��
�æå��������������������������������������������� rqjk j  :min��

��
� Żř� źŤƄǀŝ�ƾƘưŬţ�ƩŚưŤůř� ƶĩ�ƾƀƿŶƳř�ƲƿźŤĪģƺĩ� �źĮƿŵ�šŹŚŞƗ�ƶŝr�

ƾƯ�śŚŴŤƳř���ŶƃŚŝ�ƶŤƃřŵŵƺƃ���

��
é�è�ë��ƂƸū�ƹ�ƖƏŚƤţ�ƽŚƷźĮƬưƗ��

�Źŵ� ŶƿŶū� ƭƹŻƺƯƹźƧ� Ŷǀƫƺţ� ƶŝ� ŹŵŚƣ� ƾƿŚƸƴţ� ƶŝ� śŚŴŤƳř� źĮƬưƗ
ŢƀǀƳ� ŢǀƘưū� �ƭƹŻƺƯƹźƧ� Ŷǀƫƺţ�ƽŚƷźĮƬưƗ� Ǝſƺţ� ŶƿŶū� ƽŚƷ

ƾƯ�šŹƺƇ�ƂƸū�ƹ�ƖƏŚƤţ�ƭŚƳ�ƶŝ�ƾƨǀŤƳĥ�ƾƫŚưŤůř�ƾŤǀƷŚƯ�ƶƧ�ŵźƿŸě
ŶƳŹřŵ����

�ƶŝ�ƾƟŵŚƈţ�ŹƺƏ�ƶŝ� řŹ�ƭƹŻƺƯƹźƧ�ƹŵ��ƾƘƏŚƤţ�ƽŚƷźĮƬưƗ�ƭŚưţ�ŚŞƿźƤţ
řƺƴƗŢưƀƣ�Śƿ�Ţưƀƣ�ƾƟŵŚƈţ�ŹƺƏ�ƶŝ�ƹ�ƵŶƿżĭźŝ�ƲƿŶƫřƹ�Ʊ�ƹŵ�Żř�ƾƿŚƷ

ƾƯ�ƉƺƗ�ƮƷ� Śŝ� řŹ�Ŷƫřƹ� ƭƹŻƺƯƹźƧŶƴƧ� ��ƭƹŻƺƯƹźƧ� ƹŵ� Żř�Ʀƿ� źƷ�ƶŝ
ƾƯ� ƶŤƠĭ� ŵřŻƺƳ� Ʀƿ� ƪƇŚůŵƺƃ� ��řŹ� ƾƘǀŞƏ�ƂƸū� �ƂƸū� źĮƬưƗ

ƶǀŞƃƾƯ�ƶƘƯŚū�ƶŝ�ŶƿŶū�šŚƗǈƏř�ŵƹŹƹ�ŦƗŚŝ�ƹ�ŶƴƧ�ƾƯ�ƽŻŚſ��ŵƺƃ
ƾƟŵŚƈţ�šŹƺƇ�ƶŝ�ƶƧ�Ŝǀţźţ�Ʋƿř�ƶŝ�Ʀƿ�Żř�Ʊĥ�Ŷƴģ� Śƿ�Ʀƿ�ŹřŶƤƯ�

ƾƯ�ƉƺƗ�řŹ�ƭƹŻƺƯƹźƧŶƴƧ���ŶƴƿřźƟ�ƪƇŚů�ŜƬƛř�źƔƳ�ŵŹƺƯ�ƭƹŻƺƯƹźƧ
Ţſř�ƖƏŚƤţ���

�ƾƇŚų�ƂƸū�ƹ�ƖƏŚƤţ�ƽŚƷźĮƬưƗ�ƶƫŚƀƯ�ƕƺƳ�ƶŝ�ƶūƺţ�Śŝ�ƶƫŚƤƯ�Ʋƿř�Źŵ
ƾƯ�ŵŚƸƴƄǀěƾƯ�źƔƳ�ƶŝ�ƶƧ�ƮǀƴƧ�ƶŝ�ƱŶǀſŹ�ƱŚƯŻ�ƱŶƃ�ƵŚţƺƧ�Źŵ�ŶſŹ

ŶƴƃŚŝ� źŧƺƯ� ƵŶƴƴƧ�ƾƋřŹ�śřƺū� �� ƖƏŚƤţ� źĮƬưƗ�źŧř� ƭƹŻƺƯƹźƧ� ƹŵ� źŝ
�ƶǀƬƧ� ƶƧ�Ŝǀţźţ� Ʋƿř� ƶŝ� �Ţſř� ŵřŻƺƳ� ƭƹŻƺƯƹźƧ�Ʀƿ�ƪƇŚů� ƹ� ƵŵźƧ

Ʊĥ�ƾƯ� ƪƤŤƴƯ� ŵřŻƺƳ� ƶŝ� ŚƴǀƗ� ƲƿŶƫřƹ� Źŵ� źŝřźŝ� ƽřƺŤŰƯ� Śŝ� ƽŚƷŵƺƃ��
Ʊĥ�ŵřŶƘţ�ƶƨƴƿř�ƽřźŝ�žĜſ�ŵřŻƺƳ�ƭƹŻƺƯƹźƧ�Źŵ��Ʀƿ�ƽřƺŤŰƯ�Śŝ�ƽŚƷ

�Śŝ�źŝřźŝk��ŻŚǀƳ�ŵŹƺƯ�ƽŚƷ�ƶƳŚƿŚě�ŵřŶƘţ��ŻŚǀƳ�ŵŹƺƯ�ŵřŶƘţ��ŵƺƃ�ƽŚƸƳĥ�Żř�
�Źřźƣ�źƠƇ�żǀƳ�ŚƸƳŚƨƯ�ƶǀƤŝ�Źŵ�ƹ�Ƶŵřŵ�Źřźƣ�Ʀƿ��ƾƟŵŚƈţ�ŹƺƏ�ƶŝ�řŹ�ŵřŻƺƳ

ƾƯ�ƮǀƷŵ���ƭƹŻƺƯƹźƧ�ƹŵ�źŝ�źƔƳ�ŵŹƺƯ�ƖƏŚƤţ�ƮŤƿŹƺĮƫř�źĭř�ƩŚŨƯ�ŹƺƏ�ƶŝ
y1ƹ�y2ƾƯ�ŵřŻƺƳ�ƭƹŻƺƯƹźƧ��ŵƺƃ�ƩŚưƗř��šŹƺƇ�ƶŝ�ŶƳřƺţyŶƃŚŝ����



ƱŚƨƯ�ƶƫŚƀƯ�ƪůƱŚƨƯ�ƶƫŚƀƯ�ƪů��ƶƳŚƿŚě�ƾŝŚƿƶƳŚƿŚě�ƾŝŚƿ��Žƺŝƺţř�ƶƨŞƃ�ƽŚƷŽƺŝƺţř�ƶƨŞƃ�ƽŚƷ��ƱƹŹŵ�ƾƳřŹƱƹŹŵ�ƾƳřŹ��Śŝ�ƽźƸƃŚŝ�ƽźƸƃ��������������������������������������������ŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫřƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫř����������������íæ���

  
æ��å��æ��æ��æ��å��å��å��å��æ��å��æ��y1��

��
æ��å��å��æ��å��æ��æ��å��å��å��æ��æ��y2��

��
æ��å��æ��æ��æ��å��å��å��å��å��æ��æ��y��
��

ƾƯ�ƪưƗ�šŹƺƇ�Ʋƿř� ƶŝ� żǀƳ� ƵŶƃ�ƞƿźƘţ�ƂƸū�źĮƬưƗ�řŶŤŝř� ƶƧ�ŶƴƧ
�źƠƇ�ŹřŶƤƯ�ƹ��ƵŶƃ�śŚŴŤƳř�ƾƟŵŚƈţ�ŹƺƏ�ƶŝ��Ʀƿ�ƽřƺŤŰƯ�Śŝ�Ʊĥ�Ʀƿ

ƾƯŵźǀĭ���ŹřŶƤƯ�ƲƿźŤƄǀŝ�ƶƧ��źƠƇ�ƽřƺŤŰƯ�Śŝ�ƾƳĥ�žĜſ
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ƾƯ�ŹŚƔŤƳř�ƂƸū�Ʋƿř�ƩŚưƗř�Śŝ�ŵƺų�Ŷƫřƹ�Żř�ŵřŻƺƳ�ƾĭŶƳŻřźŝ�ƱřżǀƯ�ŵƹŹ

ŶƃŚŝ�źŤƸŝ� 
 

ê�è�ë��ƾĭŶƳŻřźŝ�ƖŝŚţ��
ƾƯ� ƲǀǀƘţ� řŹ� śřƺū� Ʊŵƺŝ� Ŷŝ� Śƿ� śƺų� ƶƧ�Ţſř� ƾƘŝŚţ�ƹ� ŶƴƧ

ƾƯ�ƩŚƯźƳ�Ʀƿ�ƹ�źƠƇ�Ʋǀŝ�ǇƺưƘƯŵƺƃ���ƖŝŚţ�ǇƺưƘƯ� řŹ�ƾĭŶƳŻřźŝ�ƖŝŚţ
ƷƾƯ� Ʊō� Żř� řƺƴĪƿ� ƾƘŝŚţ� Śƿ� ƝŶŶƳźǀĭ� ��ƮŤƿŹƺĮƫř� Źŵ� ƾĭŶƳŻřźŝ� ƖŝŚţ

Ţſř�ƝŶƷ�ƖŝŚţ�ƱŚưƷ�ƽŵŚƸƴƄǀě�ĨǀŤƳĥ���
��

ë�è�ë��ƮŤƿŹƺĮƫř�ƞƣƺţ�ƍźƃ��
ƵŶưƗŻř�ŶƴţŹŚŞƗ�ƮŤƿŹƺĮƫř�ƞƣƺţ�Ǝƿřźƃ�Ʋƿźţ���

æ� ƩŚƯźƳ�ŢƫŚů�Źŵ�Ʀƿ�ƾĭŶƳŻřźŝ�Śŝ�ƾŝřƺū�ƶŝ�ƱŶǀſŹ���ƁƹŹ�Ʋƿř
ƱŚƯŻ�ƾƬǀų�ǇƺưƘƯŢſř�źŝ� 

ç� Ƨ�ƾŝřƺū� ƶŝ� ƱŶǀſŹ�Ƶŵřŵ� ŹřŶƤƯ� Żř� źŤƄǀŝ�ƾĭŶƳŻřźŝ�ƽřŹřŵ� ƶ
ŶƃŚŝ�ƵŶƃ� 

è� �ƱŚƀƨƿ� ŚŞƿźƤţ�Ʊō�ƽŚƌƗř�ƾĭŶƳŻřźŝ� ƶƧ�ƾŤǀƘưū�ƶŝ�ƱŶǀſŹ
śřƺū� ƾĭŶƳŻřźŝ� žƳŚƿŹřƹ� Śƿ� ŶƃŚŝ�źŤưƧ� ƾƈŴƄƯ� ŹřŶƤƯ� Żř� ŚƷ

ŵƺƃ� 

é� ƪƀƳ�ƭƺƬƘƯ�ŵřŶƘţ�Ŷǀƫƺţ 

ŵřŶƘţ�Ŷǀƫƺţ�Śŝ��ƶƫŚƤƯ�Ʋƿř�ŹŵçåƾƯ�ƱŚƿŚě�ƮŤƿŹƺĮƫř��ƪƀƳ�ŶŝŚƿ���
��

ì�è�ë��ƶŞſŚŰƯŚě�ƽƮŤƿŹƺĮƫř�ƽ�ƶƴǀƸŝ�ƽŚƷźŤƯřŹ��
� ƽŚƷźŤƯřŹŚě� ƲǀǀƘţpm� ƹ�pcƵŻřŶƳř� ƹ�� ŢǀƘưū� ƽ(N)�źǀŧŚţ�

ŵŹřŸĭ� ƾƯ�ƦǀŤƳĥ� ƮŤƿŹƺĮƫř� ŵźƨƬưƗ� źŝ� ƮǀƤŤƀƯ� �� źĭř� ǈŨƯpm�ŵŚƿŻ�
�ŶƿŶū� šŚƗǈƏř� ŵƹŹƹ� ƩŚưŤůř� �ƱřƹřźƟ� ƽŚƷ� ƂƸū� źƏŚų� ƶŝ� �ŶƃŚŝ
�ƾƯ�ƾƨǀŤƳĥ�ŵřƺƯ�ƱŶƃ�ƉźƤƴƯ�ŦƗŚŝ�ƉƺƗ�Źŵ�ƾƫƹ�ŶŝŚƿ�ƾƯ�ƂƿřżƟř

ŵƺƃ��żƟř�ŢƗźſ�ŚƯř�ŵƺƃ�ƾƯ�ƾƳƺĭŚƳƺĭ�ƂƿřżƟř�ŦƗŚŝ�żǀƳ�ŢǀƘưū�Ƃƿř
ŵŹƹō�ƾƯ�ƲǀƿŚě�řŹ�ƮŤƿŹƺĮƫř���ƽřźŝ�ƶƴǀƸŝ�ƽŚƷźŤƯřŹŚě�ƲŤƟŚƿ�ƶƧ�Śū�Ʊō�Żř

�ƁƹŹ�Ʀƿ� Żř� Śū�Ʋƿř� Źŵ� �ŵŹřŵ� ƱřƹřźƟ�šŚŞſŚŰƯ� ƶŝ� ŻŚǀƳ� � �ƶƫŚƀƯ� źƷ

�ŜſŚƴƯ�źƿŵŚƤƯ�ƽ�ƶŞſŚŰƯ�ƽřźŝ�ŚƐų�ƹ�ƾƘſ�ƶƴǀƸŝ�ŚƯřżƫř�ƶƳ�ƹ��pc�ƹ�
pmƮƿźǀĭ�ƾƯ�ƵźƸŝ��ƖūźƯ�ŵŚƸƴƄǀě�ƶŝ� řŹ�ŢǀƘưū�ƽ�ƵŻřŶƳř� ƹ�@çå�>
�źŝřźŝæåƮƿźǀĭ�ƾƯ����

�ƂŴŝ�Źŵ�ƶƧ�řŹ�ŶƸƄƯ�źƸƃ�ƾƳřźſƺŝƺţř�ƽ�ƶƨŞƃ�Żř�ƾŤưƀƣæ��ì�ŵŹƺƯ�
�ƽřŻř�ƶŝ�řŹ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř�ƹ�ƶŤƟźĭ�źƔƳ�Źŵ��ŢƟźĭ�ŶƷřƺų�Źřźƣ�ƾſŹźŝ

pc� ƹ�pm� ƽŚƷ� ƵŻŚŝ� Źŵ� ƞƬŤŴƯ� ƽŚƷ�]å�îîƹå�í[�pc��ƹ�
]å�çåƹå�åæ[�pm��śřƺū�ƶŝ�źŬƴƯ�ƶƧ�ƽźŤƯřŹŚě�ũƹŻ�ƹ�ƵŵƺưƳ�řźūř��

�ŜſŚƴƯ� ƽŚƷźŤƯřŹŚě� ƱřƺƴƗ� ƶŝ� řŹ� ŵƺƃ� źŤưƧ� ƽřźūř� ƱŚƯŻ� ƹ� źŤƸŝ
Ʈƿźǀĭ�ƾƯ�ŹŚƧ�ƶŝ�ƽŵŹƺƯ�ƽŚƷ�ƶƘƫŚƐƯ�Źŵ�ƹ�ƮƿźƿŸě�ƾƯ�ƮŤƿŹƺĮƫř���

��
ƞƫř��ƶƳƺưƳ�ƶƫŚƀƯ�źƿŻ�ƞƿźƘţ��

Žƺŝƺţř� ƶƨŞƃ�Ʀƿ� Śŝ�ƾƳřŹëåƹ� Ƶźĭ�çåĭ��ƶŝ� ƶƳŚƿŚě�ťřŶůř�ŶƿŶƳŚƧ� Ƶź
ŶƿźǀĮŝ� źƔƳ� Źŵ� źƿŻ�šŹƺƇ� �ŢƿŵƹŶŰƯ� ƶŝ� ƶūƺţ� Śŝ�źƿŚſ� ƹ�ƾƫŚƯ�ƽŚƷ

�ŵřŶƘţ�ŵŹřŵ�źƔƳ� Źŵ�ƽŹřŵźƸƃ� �ƮƸƯ�šŚƔůǈƯêƶƳŚƿŚě�Žƺŝƺţř�ƽ�ƾƳřŹ
ŶƿŚưƳ�ŵŚŬƿř�ƶƨŞƃ�Ʋƿř�Źŵ��ŢƯŶų�Ʊřƺţ��ƶƳŚƿŚě�źƷ�źĭřƵźĭ�ƶŝ�ƾƷŵ�ƽŚƷ
� ƕŚƘƃ� Śţ� ŵƺų� ƝřźƏřêŵŚƤƯ� �ŶƃŚŝ� ƶŤƃřŵ� řŹ� Ŷůřƹ�ƶƴǀƸŝ� źƿ�ƽ

ŶǀŝŚǀŝ� řŹ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř�ƽŚƷźŤƯřŹŚě� �� źƿŵŚƤƯxƹ�yƱŚƄƳ� ƶĩ� ��ƵŶƴƷŵ
Ƶźĭ�ƉźƗ�ƹ�ƩƺƏƾƯ�šŚƈŤŴƯ�ƵŚĮŤſŵ�Źŵ�ƶĪŞƃ�ƽŚƷ�Ŝƀů�źŝ��ŶƴƃŚŝ

æåå�źƿŵŚƤƯ�ƹ�źŤƯ�dŢſř�ƵŶƃ�Ƶŵřŵ�ŢƗŚſ�Źŵ�źƠƳ�Ŝƀů�źŝ����
J�=�{1,2,�,60} 

I={2,3,5,11,15,17,18,20,21,23,27,28,35,43,44,49,50,52,56,59} 
k�=�5 
r�=�5 

��

�ƽŚƷŹřŵźŝ�Źŵ�ŚƷ�Ƶźĭ�šŚƈŤŴƯxƹ�yŢſř�ƵŶƃ�Ƶŵřŵ�źƿŻ�šŹƺƇ�ƶŝ����
X = {58/92, 20/86, 26/62, 31/77, 9/38, 57/68, 44/09, 29/80, 
18/97, 47/42, 23/99, 5/51, 49/95, 27/93, 5/14, 42/93, 58/77, 
42/04, 31/00, 45/28, 56/58, 32/58, 51/68, 15/74, 20/24, 56/83, 
42/12, 59/17, 24/29, 23/13, 31/61, 23/61, 1/81, 42/86, 26/80, 
50/11, 8/10, 54/60, 37/39, 0/21, 58/71, 0/86, 24/98, 29/29, 
46/92, 7/58, 39/77, 20/77, 4/07, 20/09, 57/13, 46/76, 38/95, 
8/87, 53/92, 49/14, 57/34, 0/31, 18/52, 4/86} 

 
Y = {24/74, 40/09, 50/39, 15/43, 33/47, 57/08, 13/35, 0/42, 
44/30, 24/02, 15/10, 36/13, 17/61, 2/73, 30/79, 2/13, 29/85, 
48/19, 30/16, 14/29, 5/32, 54/21, 37/89, 22/74, 18/88, 32/11, 
52/50, 53/12,37/63, 50/87, 48/44, 57/70, 57/22, 38/79, 10/48, 
58/21, 15/06, 40/59, 30/73, 13/61, 51/68, 29/15, 46/37, 31/35, 
35/47,6/58,59/83,10/56,18/56,22/57,43/16,37/06,45/38,35/97,
10/32,4/16,19/04,45/60,42/92, 50/75} 

��
Żř�ŶƴţŹŚŞƗ�żǀƳ�ŚƷ�Ƶźĭ�ƪǀƀƳŚŤě�źƿŵŚƤƯ���

D = {24, 44, 41, 32, 40, 33, 17, 14, 17, 26, 36, 15, 41, 28, 18, 
35, 27, 22, 34, 31, 20, 14, 40, 23, 13, 30, 15, 14, 11, 23, 40, 
13, 41, 21, 12, 12, 33, 30, 51, 36, 28, 40, 45, 23, 58, 51, 17, 
38, 41, 21, 33, 45, 40, 29, 8, 55, 23, 37, 15, 19} 

��

ƶưƷ�ƶƧ�ŵƺƃ�ƶūƺţƶƗƺưŬƯ�ƽŶƴŤƀƷ�ŜţźƯ�ǇŚŝ�ƽŚƷ� 

ƪƨƃçƾƯ�řŹ�Ŷƃ�ŹƺƈŤƯ�ƶƫŚƀƯ�ƽřźŝ�Ʊřƺţ���ŹƺŰƯ�ƪƨƃ�Ʋƿř�Źŵxƹ�y�
ƾƯ�ƱŚƄƳ� řŹ�Ƶźĭ�ƍŚƤƳ�ƪŰƯ�šŚƈŤŴƯŶƴƷŵ���żǀƳ�ŹřŵƺưƳ�ƪųřŵ�ŵřŶƗř

ƵŹŚưƃ� źĮƳŚǀŝƾƯ� Ƶźĭ�ƽŶƴƃŚŝ� ��Śŝ� ŶƿŶƳŚƧ�ƍŚƤƳ�ƾĮƿŚƀưƷ� �ƭŚŬƳřźſ
�ƕŚƘƃ�ƹ�ƍŚƤƳ�Ʋƿř�żƧźƯ�ƶŝ�ƽźƿřƹŵêŢſř�ƵŶƃ�ƮſŹ�����



íçíç���������ƱŚƨƯ�ƶƫŚƀƯ�ƪůƱŚƨƯ�ƶƫŚƀƯ�ƪů��ƶƳŚƿŚě�ƾŝŚƿƶƳŚƿŚě�ƾŝŚƿ��Žƺŝƺţř�ƶƨŞƃ�ƽŚƷŽƺŝƺţř�ƶƨŞƃ�ƽŚƷ��ƱƹŹŵ�ƾƳřŹƱƹŹŵ�ƾƳřŹ��Śŝ�ƽźƸƃŚŝ�ƽźƸƃ������������������������������������ŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫřƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫř 

ś��ŜſŚƴƯ�ƽŚƷźŤƯřŹŚě�ƶŞſŚŰƯ��
��ŶƿŶƳŚƧ�ƹ�Ƶźĭ�ƍŚƤƳ�šŚƈŤŴƯ�Ʊŵƺŝ�ƆŴƄƯ�ƶŝ�ƶūƺţ�ŚŝƶŞſŚŰƯ�ij�C�

ǀƀŝŢſř�ƱŚſō� ŹŚ� �� źŝřźŝ�ŢǀƘưū�ƵŻřŶƳřæå��ƮŤƿŹƺĮƫř�ƞƣƺţ�ƍźƃ�ƹ�

�ƽřźūřçåƾƯ�ƉźƟ� ƮŤƿŹƺĮƫř� Źřźƨţ�ŵƺƃ� ��ƩƺƸŬƯ�ƽŚƷźŤƯřŹŚě� ŚƸƴţ
�źƿŵŚƤƯ�ƶƫŚƀƯpc� ƹ�pmƾƯ�ŶƴƃŚŝ� ��Ʊō�źŝ�ƉźƟ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř� Źŵ

��ƶƧ�Ţſř]å�îîƹå�í[�pc��ƹ�]å�çåƹå�åæ[�pm���
��

��
�ƪƨƃç��Ƶźĭ�ƹ�ŶƿŶƳŚƧ�ƍŚƤƳ��ƶƨŞƃ�ƽŚƷ�Ƶźĭ�šŚƈŤŴƯƶƿŚƀưƷ�ƽŚƷ��

��
ƶŞſŚŰƯ� ƽřźŝ� Ţưƀƣ� Ʋƿř� Źŵ� ƶƴǀƸŝ� źƿŵŚƤƯ� ƽpc� ƹ�pm�ƁƹŹ� Żř� �
ƶŤƟźĭ�ƵźƸŝ��ŚƐų�ƹ�ƂƿŚƯŻōƮƿř� ��Ʋƿř�ƞƬŤŴƯ�źƿŵŚƤƯ�ŹƺƔƴƯ�Ʋƿř�ƽřźŝ

ƵŻŚŝ� Źŵ� řŹ� źŤƯřŹŚě� ƹŵ�ƮŤƿŹƺĮƫř�ƽŚƷźŤƯřŹŚě�ƱřƺƴƗ� ƶŝ� �ƵŶƃ� ƶŤƠĭ�ƽŚƷ
ŵ�ƦǀŤƳĥ�ƵŵŚǀě�ƶƫŚƀƯ�źŝ� �źƿŵŚƤƯ�Ʋƿř�ƽřŻř�ƶŝ�ƮŤƿŹƺĮƫř�ƹ�ƶŤƟźĭ�źƔƳ�Ź
Ţſř�ƵŶƃ��Ʊō�ƽřźŝ��źƿŵŚƤƯ�ƶŝ�ƾŝƺų�ŜƿźƤţ�Śŝ�ƱřƺŤŝ�ƶƧpc�ƹ�pm�ƶŝ��

�ŢƠū�źƷ�ƽřŻř�ƶŝ� �ŵźƧ�ƱŚƴǀưƏř�ƵŶƯō�Ţſŵpc�ƹ�pm��ƱƺƯŻō�ŵŹƺƯ��
çåśřƺū� ƲǀĮƳŚǀƯ� ƹ� ƵŵźƧ� řźūř� řŹ� ƶƯŚƳźŝ� ŹŚŝ��ŹŚǀƘƯ� ƱřƺƴƗ� ƶŝ� řŹ� ŚƷ

ŤƯřŹŚě�ƾŝŚƿŻŹřƶŤƟźĭ�źƔƳ�Źŵ�ŚƷźƮƿř����
ƶƴǀƸŝ�źƿŵŚƤƯ��ƪƇŚů�ŪƿŚŤƳ�ƶŝ�ƶūƺţ�Śŝ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř�ƽŚƷźŤƯřŹŚě�ƽ

Żř�ŶƴţŹŚŞƗ��pc=0.93��ƹ�pm=0.02����ƩƹŶū�Ʀƿ��řźūř�źƷ�ƾūƹźų�Źŵ
ƾƯ�ƵŶƷŚƄƯ�ŹřŵƺưƳ�Ʀƿ�ƹŵƺƃ� ��ƹ�ƩƹřŶū�ƭŚưţ�ƂƿŚưƳ�ƶƧ� ŚŬƳō�Żř� ŚƯř

ƾưƳ� źƈŤŴƯ� Ʋƿř� Źŵ� ŚƷŹřŵƺưƳ�� ƩƹŶū� ƹ� ŹřŵƺưƳ� ƶŝ� �ŶŬƴĭ�Żř� ƪƇŚů
ƾƯ�ƵŶƴƀŝ�ƶƴǀƸŝ�ƽŚƷźŤƯřŹŚě�ƮǀƴƧ����

� ƪƨƃèƵƺŰƳ� ��ƽŚƷŹřźƨţ� ŵřŶƘţ� Ŝƀů� źŝ� řŹ� ƝŶƷ� ƖŝŚţ� šřźǀǀƜţ� ƽ
�Źŵ�ƶƴǀƸŝ�ƽŚƷźŤƯřŹŚě�ƽřŻř� ƶŝ�ƮŤƿŹƺĮƫřçå�ƾƯ�ƱŚƄƳ�ƪƤŤƀƯ�ƽřźūř�

ŶƷŵ� �ƱŚưƷ�� Żř� ŶƘŝ�ƝŶƷ�ƖŝŚţ� źƿŵŚƤƯ� ŵƺƃ�ƾƯ� ƵŶƷŚƄƯ� ƶƧ� ƶƳƺĭçå�
ŶƴſŹ�ƾƯ�ƾŞƿźƤţ�šŚŞŧ�ƶŝ�Źřźƨţ��ř�Ʋƿř�źŝŚƴŝ�ŵŶƗ�śŚŴŤƳçå�ŵřŶƘţ�ƽřźŝ�

ŢƀǀƳ� ŢǀƘƣřƹ� Żř� Źƹŵ� żǀƳ� ƞƣƺţ� ƍźƃ� Źŵ� ƮŤƿŹƺĮƫř� ƽŚƷŹřźƨţ��
�ƩƹŶū�Źŵ�ŵƺūƺƯ�ƽŚƷźŤƯřŹŚěæŻř�ŶƴţŹŚŞƗ�żǀƳ����

 (Initial Value Of Objective Function) IVOF����ƖŝŚţ�ŹřŶƤƯ�ƲƿźŤƸŝ
ƶǀƫƹř� ŢǀƘưū� Źŵ� ƝŶƷ(Final Value Of Objective Function) 

FVOF���ƴǀƸŝ�ŹřŶƤƯ�ƝŶƷ�ƖŝŚţ�ƶ��
Times (s)���ƶǀƳŚŧ�Ŝƀů�źŝ�ƮŤƿŹƺĮƫř�ƽřźūř�ƱŚƯŻ��

(Average)Avg���ƱƺŤſ�źƷ�źƿŵŚƤƯ�ƲǀĮƳŚǀƯ��
��
��

��
�ƪƨƃè���źŝ�ƝŶƷ�ƖŝŚţ�źƿŵŚƤƯŹŵ�ƮŤƿŹƺĮƫř�ƩƺƏ�Ŝƀůçå�ŹŚŝ�

ƽřźūřƶƴǀƸŝ�ƽŚƷźŤƯřŹŚě�Śŝ�ƦǀŤƳĥ�ƮŤƿŹƺĮƫř���



ƱŚƨƯ�ƶƫŚƀƯ�ƪůƱŚƨƯ�ƶƫŚƀƯ�ƪů��ƶƳŚƿŚě�ƾŝŚƿƶƳŚƿŚě�ƾŝŚƿ��Žƺŝƺţř�ƶƨŞƃ�ƽŚƷŽƺŝƺţř�ƶƨŞƃ�ƽŚƷ��ƱƹŹŵ�ƾƳřŹƱƹŹŵ�ƾƳřŹ��Śŝ�ƽźƸƃŚŝ�ƽźƸƃ��������������������������������������������ŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫřƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫř����������������íè���

  
�ƪƨƃéƵƺŰƳ��ƪƨƃ�ƹ�ƝŶƷ�ƖŝŚţ�źƿŵŚƤƯ�ƲǀĮƳŚǀƯ�šřźǀǀƜţ�ƽêƵƺŰƳ���ƽ
ǀǀƜţ�ƞƬŤŴƯ�źƿŵŚƤƯ�Ŝƀů�źŝ�řŹ�ƮŤƿŹƺĮƫř�ƽřźūř�ƱŚƯŻ�ƎſƺŤƯ�šřźpc�
�ƹpmŶƴƷŵ�ƾƯ�ƱŚƄƳ�����ƽƹŹ�ŻřƶƴǀƸŝ�źƿŵŚƤƯ�Ʊřƺţ�ƾƯ�ƪƨƃ�ƹŵ�Ʋƿř�ƽ
ŹŚěŵŹƹō�Ţſŵ�ƶŝ�řŹ�ƮŤƿŹƺĮƫř�ƽŚƷźŤƯř���
��

 
�ƪƨƃé���Ŝƀů�źŝ�ƝŶƷ�ƖŝŚţ�źƿŵŚƤƯ�ƲǀĮƳŚǀƯpc�ƹ�pm����

��

��
�ƪƨƃê���Ŝƀů�źŝ�ƮŤƿŹƺĮƫř�ƽřźūř�ƱŚƯŻ�ƲǀĮƳŚǀƯpc�ƹ�

pm��
��

ƦǀŤƳĥ�ƽŚƷ�ƁƹŹ�ŵźƨƬưƗ��ƶƫŚƤƯ�Żř�ƂŴŝ�Ʋƿř�Źŵ�(GA)���ŵźſ�ƹ�ƭźĭ
�ƵŶƃ�ƽŻŚſ�ƶǀŞƃ�ƱŵźƧ(SA)�ƾƴưƋ�ƁŹŚưƃ��(IE)��ƱřźƧ�ƹ�ƶųŚƃ�ƹ

�� ŹřżƟř� ƭźƳ�ƦưƧ� ƶŝGAMS� �ƱŚƨƯ�ƽ� ƶƫŚƀƯ� ƪů� Źŵ�ŚƷ� ƶƳŚƿŚě� ƾŝŚƿ
ŵƺƃ�ƾƯ�ƶƀƿŚƤƯ���Źŵ�ƹ�ƾƘƣřƹ�ƾƳřźſƺŝƺţř�ƽ�ƶƨŞƃ�ƹŵ��ŹƺƔƴƯ�Ʋƿř�ƽřźŝ

�ƍƺŝźƯ�ƶƧ�īŹżŝ�ŵŚƘŝř�ƾſŹźŝ� �ŶƳƺƃ�ƾƯ�ƱřźƸţ�ƹ�ŶƸƄƯ�ƽŚƷźƸƃ�ƶŝ
ŶƳƺƃ�ƾƯ� ��ƹ�ƝŶƷ� ƖŝŚţ� źƿŵŚƤƯ� �ŚƷ�ƁƹŹ�ƾƿřŹŚƧ�ƽ� ƶƀƿŚƤƯ�ƽŚƴŞƯ

ŢſŚƷ�ƶƯŚƳźŝ�ƽřźūř�ƱŚƯŻ���

�ƩƹŶūæ��Źŵ�ƶƴǀƸŝ�ƽŚƷźŤƯřŹŚě�ƽřŻř�ƶŝ�ƝŶƷ�ƖŝŚţ�źƿŵŚƤƯçå�ŹŚŝ�
ƦǀŤƳĥ�ƮŤƿŹƺĮƫř��ƽřźūř��

��

ì��ƾƘƣřƹ�ƩŚŨƯ�Ŷƴģ�ƪů��
æ�ì��ƶƨŞƃŶƸƄƯ�źƸƃ�ƾƳřźſƺŝƺţř�ƽ��

�ƖūźƯ�Źŵ�ƶƧ�ŶƸƄƯ�źƸƃ�ƾƳřźſƺŝƺţř�ƽ�ƶƨŞƃ@ì�>�ƵŶƃ�ƾſŹźŝ
�ƽřŹřŵ��Ţſřçìé�Ƶźĭ��ƵŚĮŤƀƿř��Ţſř��ƱŚƨƯ�ƩŶƯ�ƽřźŝ�ŚƷ�ƶƳŚƿŚě�ƾŝŚƿ

�Ʋƿř� źŝřźŝ� ŚƷ�ƶƳŚƿŚě� ŵřŶƘţ� ƶƧ�ƾŤƫŚů� Źŵ�ƶƨŞƃçå�ƽřŹřŵ� �ŶƃŚŝ�çå�
� ŵƹŶů� �ŮǀŰƇ� źǀƜŤƯèåå� ŵƹŶů� Źŵ� ƹ� ƶŤſƺǀě� źǀƜŤƯ�ëæå�

Ţſř�ŢƿŵƹŶŰƯ���ŹřżƟř�ƭźƳ�Ǝſƺţ�ƩŶƯ�ƲƿřGAMS�ŪƿŚŤƳ�ƹ�ƵŶƃ�ƪů�
�ƖūźƯ�Źŵ��Ʊō@ì�>Ţſř�ƵŶƃ�ƶƿřŹř� ��ƖūźƯ�Źŵ@î�>�ƶŝ�ƶƫŚƀƯ�Ʋƿř�żǀƳ

Ƨ� ŵźſƹ�ƭźĭ� ƹ�ƾƴưƋ�ƁŹŚưƃ�ƽŚƷ�ƁƹŹ�ƦưƧ�ƽŻŚſ�ƶǀŞƃ�Ʊŵź
�Śŝ�ƵŶƃèêŢſř�ƵŶƃ�ƪů�ŚƯŵ�źƷ�Źŵ�Źřźƨţ����ƮŤƿŹƺĮƫř�Żř�ƵŵŚƠŤſř�ƽřźŝ

�ƽŹřżƟř�ƭźƳ� �ƎǀŰƯ�Źŵ�ƽř�ƶƯŚƳźŝ� �ƦǀŤƳĥMATLAB 7Ʈƿř�ƶŤƃƺƳ���
�ƶƯŚƳźŝ�ŹŚƸģ�źƷ�ƽGA� �SA��IE�ƹ�GAMS�Ǝſƺţ�486 DX2  66 

MHzŢſř�ƵŶƃ�řźūř����ƱŚƨƯ�ƩŶƯ�ƪů�Żř�ƪƇŚů�ŪƿŚŤƳ�ŚƷ�ƶƳŚƿŚě�ƾŝŚƿ
�źƸƃ�ƽřźŝ�Śŝ�ŶƸƄƯçå�ƽŚƷ�ƁƹŹ�Ǝſƺţ�ŶƿŶƳŚƧ�Ƶźĭ�GA��SA��IE�ƹ�

GAMS�ƩƹŶū�Źŵ�çŢſř�ƵŶƃ�ƶƇǈų����ŵŚƘŝř�Ʊŵƺŝ�ƦģƺƧ�ƪǀƫŵ�ƶŝ
� źƷ� Źŵ� �ƶƫŚƀƯéŢſř� ƵŶƃ�ƪƇŚů� ƶƴǀƸŝ�śřƺū� �ƁƹŹ�� ���ƹŹ�Ʋƿř� Żř

ƁƹŹ�ƽ�ƶƀƿŚƤƯ�ƽŚƴŞƯ�ƱřƺƴƗ�ƶŝ�Ʊřƺţ�ƾƯ�řŹ�ŚƷ�ƶƯŚƳźŝ�ƽřźūř�ƱŚƯŻ��ŚƷ

Time(s)��FVOF��IVOF��
å�åì��çî�æå��çè�æë��
å�åì��èç�åç��çì�ìî��
å�åë��çí�æí��çé�åå��
å�åí��çî�åå��çç�åé��
å�æå��çì�ææ��çå�ìí��
å�åì��çí�æí��çå�èí��
å�åì��çî�èç��çç�îè��
å�åì��çí�æí��çê�çì��
å�åë��èç�åç��çê�åí��
å�åë��çî�èç��çè�æî��
å�åì��çê�îí��çè�îå��
å�åì��èç�åç��çé�èê��
å�åì��èå�æí��çå�ëî��
å�åì��èì�ìë��æî�æé��
å�åì��èç�åç��çè�æç��
å�åì��çî�èç��çç�èë��
å�åì��èå�ëî��æí�åç��
å�åì��çî�íæ��çê�êí��
å�åì��èå�ëî��æì�ìæ��
å�åì��èå�ëî��çè�íç��
å�åì çî�êí Avg:��



íéíé���������ƱŚƨƯ�ƶƫŚƀƯ�ƪůƱŚƨƯ�ƶƫŚƀƯ�ƪů��ƶƳŚƿŚě�ƾŝŚƿƶƳŚƿŚě�ƾŝŚƿ��Žƺŝƺţř�ƶƨŞƃ�ƽŚƷŽƺŝƺţř�ƶƨŞƃ�ƽŚƷ��ƱƹŹŵ�ƾƳřŹƱƹŹŵ�ƾƳřŹ��Śŝ�ƽźƸƃŚŝ�ƽźƸƃ������������������������������������ŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſŭƹŹ��ƾƴǀƀůŶǀſ�ŶưŰƯŶǀſƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫřƽŹŶǀů�ƵźƷŚƏ�ƹ�ƽŹŶǀů�ƶƫř 
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